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A
mAbstract
In this paper, we have been acquired the soliton solutions of the Variant Boussinesq
equations. Primarily, we have used the enhanced (G′/G)-expansion method to
find exact solutions of Variant Boussinesq equations. Then, we attain some exact
solutions including soliton solutions, hyperbolic and trigonometric function
solutions of this equation.
Keywords: Enhanced (G′/G)-expansion method; Traveling wave; NLEEs; Variant
Boussinesq equations
Mathematics subject classification: 35 K99; 35P05; 35P99Background
The theory of nonlinear evolution equations (NLEEs) has become one of the most
important fields of study in mathematical physics and engineering. This is essentially
due to the frequent occurrence of NLEEs in many branches of physics, mathematics,
and other branches of sciences. With much interest and great demand for applications
of NLEEs in various areas of sciences, several analytical methods to find exact solutions
of NLEEs have been developed by diverse group of mathematician and physicist. It is
significant that many equations of physics, chemistry, and biology contain empirical
parameters or empirical functions. Exact solutions allow researchers to design and
run experiments, by creating appropriate natural conditions, to determine these
parameters or functions. A variety of powerful methods, such as the sine–cosine
method (Wazwaz 2004a; Bekir 2008), The first integral method (Bekir et al. 2014;
Jafari et al. 2012), the homotopy perturbation method (Mohyud-Din and Noor 2009;
Mohyud-Din et al. 2011), the (G′/G)-expansion method (Wang et al. 2008; Zayed
and Gepreel 2009; Guo and Zhou 2010), the Exp-function method (Bekir and Boz
2008; Akbar and Ali 2011; Naher et al. 2010; Ebadi et al. 2013), the modified simple
equation method (Jawad et al. 2010; Zayed 2011; Khan and Akbar 2013a, b), the exp
(−Φ(ξ))-expansion method (Khan and Akbar 2013c), the Enhanced (G′/G)-expansion
Method (Khan and Akbar 2013d, e; Islam et al. 2014), the tanh-function method
(Wazwaz 2004b, 2005, 2007), and the modified tanh–coth function method (Lee and
Sakthivel 2011) were used to find new exact traveling wave solutions of nonlinear
evolution equations in mathematical physics.
Various ansätz have been proposed for seeking traveling wave solutions of nonlinear
differential equations. Recently, Wang et al. (2008) have introduced a simple method2014 Khan and Akbar; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
ttribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
edium, provided the original work is properly credited.
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nonlinear evolution equations, where G = G(ξ) satisfies the second order linear ordin-
ary differential equation G″ + λG′ + μG = 0, where λ and μ are arbitrary constants and
u ξð Þ ¼ αm G′G
 m
þ⋯⋯⋯ be the traveling wave solution of NLEEs. By means of this
method they have solved the KdV equation, the mKdV equation, the variant Boussinesq
equations and the Hirota–Satsuma equations. Guo and Zhou (2010) have intro-
duced an another method so called extended (G′/G)-expansion method where
G =G(ξ) satisfies the second order linear ordinary differential equation G′′ + μG = 0,
where G′ ¼ dG ξð Þdξ , G ′′ ¼ d
2G ξð Þ
dξ2















A be the traveling wave solution.
They proposed extended (G′/G) -expansion method to construct travelling wave
solutions of Whitham–Broer–Kaup–Like equations and coupled Hirota–Satsuma
KdV equations.
Among those approaches, an enhanced (G′/G) -expansion method is a powerful tool
to reveal more general solitons and periodic wave solutions of NLEEs in mathematical
physics and engineering. The focal ideas of the enhanced (G′/G) -expansion method
are that the traveling wave solutions of NLEEs can be expressed as rational functions of
(G′/G), where G =G(ξ) satisfies the second order linear ordinary differential equation
G′′ + μG = 0.
The objective of this article is to present an enhanced (G′/G) -expansion method to
construct the exact solitary wave solutions for NLEEs in mathematical physics via the
Variant Boussinesq equations.
The article is arranged as follows: Methodology, Application of the enhanced (G′/G)-
expansion method, Graphical representation, Comparisons and conclusions.Methodology
In this section, we discuss an analytical method, so called enhanced (G′/G)-expansion
method, for deriving traveling wave solutions to PDEs. We will first discuss the method
applied to a problem defined in terms of a nonlinear partial differential equation having
two independent variables, one space dimension x, and another the time dimension
t. Subsequently, it will be shown that the arguments extend naturally to coupled
equations and also to problems defined in terms of two or more spatial dimensions,
plus time.
Suppose the evolutionary equation, say in two independent variables x and t, for
which we wish to find traveling wave solutions is given by
ℜ u;ut ; ux; utt ; uxx;uxt ;⋯⋯⋯⋯ð Þ ¼ 0; ð1Þ
where u(ξ) = u(x, t) is an unknown function, ℜ is a polynomial of u(x, t) and its partial
derivatives in which the highest order derivatives and nonlinear terms are involved. In
the following, we give the main steps of this method (Khan and Akbar 2013a, 2013b;
Islam et al. 2014):
Khan and Akbar SpringerPlus 2014, 3:324 Page 3 of 17
http://www.springerplus.com/content/3/1/324Step 1. Combining the independent variables x and t into one variable ξ, we suppose
that
u ξð Þ ¼ u x; tð Þ; ξ ¼ x V t; ð2Þ
where V ∈ℜ − {0} is the wave velocity.
The traveling wave transformation Eq. (2) permits us to reduce Eq. (1) to the follow-
ing ODE:
℘ u; u′; u ′′;⋯⋯⋯
  ¼ 0; ð3Þ





Step 2. We suppose that Eq. (3) has the formal solution
















where G =G(ξ) satisfy the equation
G ′′ þ μG ¼ 0; ð5Þ
in which ai, bi (−n ≤ i ≤ n; n ∈N) and λ are constants to be determined later, and σ = ±
1, μ ≠ 0.
Step 3. The positive integer n can be determined by considering the homogeneous
balance between the highest order derivatives and the nonlinear terms appearing in
Eq. (1) or Eq. (3). Moreover precisely, we define the degree of u(ξ) as D(u(ξ)) = n which









¼ npþ s nþ qð Þ ð6Þ
Therefore we can find the value of n in Eq. (4), using Eq. (6).
Step 4. We substitute Eq. (4) into Eq. (3) using Eq. (5) and then collect all terms of
same powers of (G′/G)j and G′=G
 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ 1þ 1μ G′=G
 2 r
together, then set each coeffi-
cient of them to zero to yield an over-determined system of algebraic equations, solve
this system for ai, bi, λ and V.
Step 5. From the general solution of Eq. (5), we get
When μ < 0,
G′
G




¼ ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ð8Þ
Again, when μ > 0,G′
G




¼ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ  ð10Þ
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Eqs. (7)-(10) into Eq. (4) we obtain traveling wave solutions of Eq. (1).
Application
In this section we will exert the enhanced (G′/G)-expansion method to derive the exact
traveling wave solutions of the Variant Boussinesq equations in the form (Wang et al.
2008)
Ht þ H uð Þx þ ux x x ¼ 0; ð11Þ
ut þ Hx þ uux ¼ 0; ð12Þ
where u = u(x, t) represents the velocity and H =H(x, t) represents the total depth of
water waves.
The traveling wave transformation equation u = u(x, t), H(x, t), ξ = x −V t converted
Eq. (11) and Eq. (12) to the following ordinary differential equations for u = u(ξ) and
H =H(ξ).
−V H ′ þ H uð Þ′ þ u ′′′ ¼ 0 ð13Þ
−V u′ þ H ′ þ uu′ ¼ 0 ð14Þ
Integrating Eqs. (13) and (14) once with respect to ξ, we obtainR−V H þ H uþ u ′′ ¼ 0; ð15Þ
S−V uþ H þ 1
2
u2 ¼ 0; ð16Þ
where R and S are constants of integration.
Now Eq. (16) yields,
H ¼ V u− 1
2
u2−S ð17Þ





u3 þ V S þ R ¼ 0 ð18Þ
The homogeneous balance between u″ and u3 yields n = 1.
Hence for n = 1, Eq. (4) reduces to




  þ a0 þ a1 G′=G
 
1þ λ G′=G þ b−1 G′=G

















where G =G(ξ) satisfies Eq. (5). Substituting Eq. (4) along with Eq. (5) into Eq. (3), we
get a polynomial of (G′/G)j and G′=G
 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ 1þ 1μ G′=G
 2 r
. From these polynomials,
we equate the coefficients of (G′/G)j and G′=G
 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ 1þ 1μ G′=G
 2 r
, and setting
them to zero, we get an over-determined system that consists of twenty-five algebraic
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the aid of symbolic computer software Maple 13.
Case 1: R ¼ 0; S ¼ 8μþ 12 a02;V ¼ a0; λ ¼ 0; a−1 ¼ −2μ; a0 ¼ a0; a1 ¼ 2; b−1 ¼ b0 ¼ b1 ¼ 0;
Case 2: R ¼ 0; S ¼ 8μþ 12 a20;V ¼ a0; λ ¼ 0; a−1 ¼ 2μ; a0 ¼ a0; a1 ¼ −2; b−1 ¼ b0 ¼ b1 ¼ 0;












Case 5: R ¼ 0; S ¼ 2μ2λ2 þ 2μþ 2λμa0 þ 12 a02;V ¼ 2μλþ a0; λ ¼ λ; a−1 ¼ 2μ;
a0 ¼ a0; a1 ¼ 0; b−1 ¼ b0 ¼ b1 ¼ 0;
Case 6: R ¼ −8μ2λ 1þ μλ2 ; S ¼ −4μ2λ2−4μþ 2λμa0 þ 1 a02;V ¼ 2μλþ a0; λ ¼ λ;2
a−1 ¼ 2μ; a0 ¼ a0; a1 ¼ 2þ 2μλ2; b−1 ¼ b0 ¼ b1 ¼ 0;
Case 7: R ¼ 0; S ¼ 2μ2λ2 þ 2μ−2λμa0 þ 12 a02;V ¼ −2μλþ a0; λ ¼ λ;
a−1 ¼ −2μ; a0 ¼ a0; a1 ¼ 0; b−1 ¼ b0 ¼ b1 ¼ 0;
Case 8: R ¼ 8μ2λ 1þ μλ2 ; S ¼ −4μ2λ2−4μ−2λμa0 þ 1 a02;V ¼ −2μλþ a0; λ ¼ λ;2
a−1 ¼ −2μ; a0 ¼ a0; a1 ¼ −2−2μλ2; b−1 ¼ b0 ¼ b1 ¼ 0;







Case 10: R ¼ 0; S ¼ 2μ2λ2 þ 2μþ 2λμa0 þ 12 a02;V ¼ 2μλþ a0; λ ¼ λ; a−1 ¼ 0;
a0 ¼ a0; a1 ¼ 2þ 2μλ2; b−1 ¼ b0 ¼ b1 ¼ 0;
Case 11: R ¼ 0; S ¼ 2μ2λ2 þ 2μ−2λμa0 þ 1 a02;V ¼ −2μλþ a0; λ ¼ λ; a−1 ¼ 0;2
a0 ¼ a0; a1 ¼ −2−2μλ2; b−1 ¼ b0 ¼ b1 ¼ 0;
Case 12: R ¼ 0; S ¼ −μþ 1 a02;V ¼ a0; λ ¼ λ; a−1 ¼ 0; a0 ¼ a0; a1 ¼ b−1 ¼ 0; b0 ¼  2μﬃﬃp ; b1 ¼ 0:2 σ
Case 13: R ¼ 0; S ¼ −λμa0 þ 12 a02 þ 12μ2λ2 þ 12μ;V ¼ −λμþ a0; λ ¼ λ; a−1 ¼ −μ; a0 ¼ a0;
a 1 ¼ 0; b−1 ¼ 0; b0 ¼  μﬃﬃﬃ
σ
p ; b1 ¼ 0:
Case 14: R ¼ 0; S ¼ λμa0 þ 12 a02 þ 12 μ2λ2 þ 12 μ;V ¼ λμþ a0; λ ¼ λ; a−1 ¼ μ; a0 ¼ a0;
a 1 ¼ 0; b−1 ¼ 0; b0 ¼  μﬃﬃﬃ
σ
p ; b1 ¼ 0:
Now putting the values of ai, bi, λ and V into Eq. (19) and Eq. (17), we obtain the
following exact solutions.
Hyperbolic Function Solutions for μ < 0:




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H1 ξð Þ ¼ 2μ tanh2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ coth2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ −2 ;
where ξ = x − a0t.




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
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where ξ = x − a0t.




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ∓ I sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ∓ csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H3 ξð Þ ¼ −μ sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  I tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H4 ξð Þ ¼ −μ csch2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
where ξ = x − a0t.




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ∓ I sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ∓ csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H5 ξð Þ ¼ −μ sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ∓ I tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  :
H6 ξð Þ ¼ −μ csch2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ∓ I coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
where ξ = x − a0t.




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;
H7 ξð Þ ¼ 2μ csch2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ;
H8 ξð Þ ¼ −2μ sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ;
where ξ = x − (2μ λ + a0) t.
Family 6: u9 ξð Þ ¼ a0 þ
2þ2μλ2ð Þ ﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ




tanh Aþ ﬃﬃﬃﬃ−μp ξð Þð Þﬃﬃﬃﬃ
−μ
p
tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ ;
u10 ξð Þ ¼ a0 þ
2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p
coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H9 ξð Þ ¼ 2λμþ a0ð Þ a0 þ
2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p






2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p
tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2




H10 ξð Þ ¼ 2λμþ a0ð Þ a0 þ
2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p






2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p
coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2




where ξ = x − (2λμ + a0) t.




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;
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H12 ξð Þ ¼ 2μ sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ;
where ξ = x − (a0 − 2λμ) t.
Family 8: u13 ξð Þ ¼ a0 −
2þ2μλ2ð Þ ﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ




tanh Aþ ﬃﬃﬃﬃ−μp ξð Þð Þﬃﬃﬃﬃ
−μ
p
tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ ;
u14 ξð Þ ¼ a0−
2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p
coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H13 ξð Þ ¼ a0−2λμð Þ a0−
2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p






2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p
tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2




H14 ξð Þ ¼ a0−2λμð Þ a0−
2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p






2þ 2μλ2  ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ﬃﬃﬃﬃﬃﬃ
−μ
p
coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2




where ξ = x − (a0 − 2λμ) t.




sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ;




csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ;
H15 ξð Þ ¼ μ 1−2 sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H16 ξð Þ ¼ μ 1þ 2 csch2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
where ξ = x − a0t.




1þ μλ2  tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ
1þλ ﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ
 
;




1þ μλ2  coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ
 
1þ λ ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !
;
H17 ξð Þ ¼ −2μ 1þ μλ2
  sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
1þ λ ﬃﬃﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2
;
H18 ξð Þ ¼ 2μ 1þ μλ2
  csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
1þ λ ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2
;
where ξ = x − (2μ λ + a0) t.




1þ μλ2  tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ
1þλ ﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃ−μp ξð Þ
 
;
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1þ μλ2  coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ
 
1þ λ ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !
;
H19 ξð Þ ¼ −2μ 1þ μλ2
  sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
1þ λ ﬃﬃﬃﬃﬃﬃ−μp tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2
;
H20 ξð Þ ¼ 2μ 1þ μλ2
  csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
1þ λ ﬃﬃﬃﬃﬃﬃ−μp coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ 
 !2
;
where ξ = x − (a0 − 2λμ) t.




csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ;




sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ;
H21 ξð Þ ¼ μ 1þ 2 csch2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H22 ξð Þ ¼ μ 1−2 sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
where ξ = x − a0t.




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ∓ csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ∓ I sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;
H23 ξð Þ ¼ ∓μ coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ∓ csch2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  :
H24 ξð Þ ¼ ∓μ I tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  :
where ξ = x − (a0 − μ λ) t.




coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;




tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  I sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ þ λ ﬃﬃﬃﬃﬃﬃ−μp ;
H25 ξð Þ ¼ μ coth Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  csch Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  csch2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
H26 ξð Þ ¼ μ I tanh Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  sech Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ ∓ sech2 Aþ ﬃﬃﬃﬃﬃﬃ−μp ξ  ;
where ξ = x − (μ λ + a0) t.
Trigonometric Function Solutions for μ > 0:





















cot Aþ ﬃﬃﬃμp ξ − tan Aþ ﬃﬃﬃμp ξ  ;
H27 ξð Þ ¼ −2μ tan2 A− ﬃﬃﬃμp ξ þ cot2 A− ﬃﬃﬃμp ξ þ 2 ;
H28 ξð Þ ¼ −2μ tan2 Aþ ﬃﬃﬃμp ξ þ cot2 Aþ ﬃﬃﬃμp ξ þ 2 ;
where ξ = x − a0t.





















cot Aþ ﬃﬃﬃμp ξ − tan Aþ ﬃﬃﬃμp ξ  ;
H29 ξð Þ ¼ −2μ tan2 A− ﬃﬃﬃμp ξ þ cot2 A− ﬃﬃﬃμp ξ þ 2 ;
H30 ξð Þ ¼ −2μ tan2 Aþ ﬃﬃﬃμp ξ þ cot2 Aþ ﬃﬃﬃμp ξ þ 2 ;
where ξ = x − a0t.
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  sec A− ﬃﬃﬃμp ξ  ;




cot Aþ ﬃﬃﬃμp ξ  csc Aþ ﬃﬃﬃμp ξ  ;
H31 ξð Þ ¼ −μ sec2 A− ﬃﬃﬃμp ξ  tan A− ﬃﬃﬃμp ξ  sec A− ﬃﬃﬃμp ξ  ;
H32 ξð Þ ¼ −μ cot Aþ ﬃﬃﬃμp ξ  csc Aþ ﬃﬃﬃμp ξ  csc2 Aþ ﬃﬃﬃμp ξ  ;
where ξ = x − a0t.





















cot Aþ ﬃﬃﬃμp ξ ∓ csc Aþ ﬃﬃﬃμp ξ  ;
H33 ξð Þ ¼ −μ sec2 A− ﬃﬃﬃμp ξ ∓ tan A− ﬃﬃﬃμp ξ  sec A− ﬃﬃﬃμp ξ  ;
H34 ξð Þ ¼ −μ csc2 Aþ ﬃﬃﬃμp ξ ∓ cot Aþ ﬃﬃﬃμp ξ  csc Aþ ﬃﬃﬃμp ξ  ;
where ξ = x − a0t.









 þ λ ﬃﬃﬃμp ;




tan Aþ ﬃﬃﬃμp ξ þ λ ﬃﬃﬃμp ;
H35 ξð Þ ¼ −2μ csc2 A− ﬃﬃﬃμp ξ ;
H36 ξð Þ ¼ −2μ sec2 Aþ ﬃﬃﬃμp ξ ;
where ξ = x − (2μ λ + a0) t.
Family 20: u37 ξð Þ ¼ a0 þ
2þ2μλ2ð Þ ﬃﬃμp tan A− ﬃﬃμp ξð Þ










u38 ξð Þ ¼ a0 þ
2þ 2μλ2  ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 




1þ λ ﬃﬃﬃμp coth Aþ ﬃﬃﬃμp ξ  
cot Aþ ﬃﬃﬃμp ξ  ;
H37 ξð Þ ¼ 2λμþ a0ð Þ a0 þ
2þ 2μλ2  ﬃﬃﬃμp tan A− ﬃﬃﬃμp ξ 
















2þ 2μλ2  ﬃﬃﬃμp tan A− ﬃﬃﬃμp ξ 












þ 4μ2λ2 þ 4μ−2λμa0− 12 a0
2;
H38 ξð Þ ¼ 2λμþ a0ð Þ a0 þ
2þ 2μλ2  ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 




1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ  






2þ 2μλ2  ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 




1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ  
cot Aþ ﬃﬃﬃμp ξ 
 !2
þ 4μ2λ2 þ 4μ−2λμa0− 12 a0
2;
where ξ = x − (2λμ + a0)t.









 þ λ ﬃﬃﬃμp ;




tan Aþ ﬃﬃﬃμp ξ þ λ ﬃﬃﬃμp ;
H39 ξð Þ ¼ −2μ csc2 A− ﬃﬃﬃμp ξ ;
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where ξ = x − (a0 − 2λμ) t.
Family 22: u41 ξð Þ ¼ a0−
2þ2μλ2ð Þ ﬃﬃμp tan A− ﬃﬃﬃﬃ−μp ξð Þ










u42 ξð Þ ¼ a0−
2þ 2μλ2  ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 




1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ  
cot Aþ ﬃﬃﬃμp ξ  ;
H41 ξð Þ ¼ a0−2λμð Þ a0−
2þ 2μλ2  ﬃﬃﬃμp tan A− ﬃﬃﬃμp ξ 
















2þ 2μλ2  ﬃﬃﬃμp tan A− ﬃﬃﬃμp ξ 












þ 4μ2λ2 þ 4μþ 2λμa0− 12 a0
2;
H42 ξð Þ ¼ a0−2λμð Þ a0−
2þ 2μλ2  ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 




1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ  






2þ 2μλ2  ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 




1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ  
cot Aþ ﬃﬃﬃμp ξ 
 !2
þ 4μ2λ2 þ 4μþ 2λμa0− 12 a0
2;
where ξ = x − (a0 − 2λμ) t.















csc Aþ ﬃﬃﬃμp ξ ;
H43 ξð Þ ¼ μ 1−2 sec2 A− ﬃﬃﬃμp ξ  ;
H44 ξð Þ ¼ μ 1− csc2 Aþ ﬃﬃﬃμp ξ  ;
where ξ = x − a0t.




1þ μλ2  tan A− ﬃﬃμp ξð Þ
1þλ ﬃﬃμp tan A− ﬃﬃμp ξð Þ
 !
;




1þ μλ2  cot Aþ ﬃﬃﬃμp ξ
 
1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 
 !
;
H45 ξð Þ ¼ −2μ 1þ μλ2
  sec A− ﬃﬃﬃμp ξ 
1þ λ ﬃﬃﬃμp tan A− ﬃﬃﬃμp ξ 
 !2
;
H46 ξð Þ ¼ −2μ 1þ μλ2
  csc Aþ ﬃﬃﬃμp ξ 
1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 
 !2
;
where ξ = x − (2μ λ + a0) t.




1þ μλ2  tan A− ﬃﬃμp ξð Þ
1þλ ﬃﬃμp tan A− ﬃﬃμp ξð Þ
 !
;




1þ μλ2  cot Aþ ﬃﬃﬃμp ξ
 
1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 
 !
;
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  sec A− ﬃﬃﬃμp ξ 
1þ λ ﬃﬃﬃμp tan A− ﬃﬃﬃμp ξ 
 !2
;
H48 ξð Þ ¼ −2μ 1þ μλ2
  csc Aþ ﬃﬃﬃμp ξ 
1þ λ ﬃﬃﬃμp cot Aþ ﬃﬃﬃμp ξ 
 !2
;
where ξ = x − (a0 − 2λμ) t.















sec Aþ ﬃﬃﬃμp ξ ;
H49 ξð Þ ¼ μ 1−2 csc2 A− ﬃﬃﬃμp ξ  ;
H50 ξð Þ ¼ μ 1−2 sec2 Aþ ﬃﬃﬃμp ξ  ;
where ξ = x − a0t.















 þ λ ﬃﬃﬃμp ;




tan Aþ ﬃﬃﬃμp ξ ∓ sec Aþ ﬃﬃﬃμp ξ þ λ ﬃﬃﬃμp ;
H51 ξð Þ ¼ ∓μ cot A− ﬃﬃﬃμp ξ  csc Aþ ﬃﬃﬃμp ξ ∓ csc2 A− ﬃﬃﬃμp ξ  ;
H52 ξð Þ ¼ ∓μ tan Aþ ﬃﬃﬃμp ξ  sec Aþ ﬃﬃﬃμp ξ  sec2 Aþ ﬃﬃﬃμp ξ  ;
where ξ = x − (a0 − μ λ) t.









   csc A− ﬃﬃﬃμp ξ þ λ ﬃﬃﬃμp ;




tan Aþ ﬃﬃﬃμp ξ   sec Aþ ﬃﬃﬃμp ξ þ λ ﬃﬃﬃμp ;
H53 ξð Þ ¼ μ cot A− ﬃﬃﬃμp ξ  csc A− ﬃﬃﬃμp ξ  csc2 A− ﬃﬃﬃμp ξ  ;
H54 ξð Þ ¼ μ tan Aþ ﬃﬃﬃμp ξ  sec Aþ ﬃﬃﬃμp ξ ∓ sec2 Aþ ﬃﬃﬃμp ξ  ;
where ξ = x − (μ λ + a0) t.
Remark
All the obtained solutions have been checked with Maple by putting them back into
the original equations and found correct.
Graphical representations
Some of our obtained solutions are graphically represented in Figures 1, 2, 3, 4, 5, 6, 7,
and 8.
Comparisons with (G′/G) -expansion method
Wang et al. (2008) examined exact solutions of the Variant Boussinesq equations by
using the (G′/G) -expansion method and obtained three solutions. On the contrary by
using the enhanced (G′/G) -expansion method in this article we have obtained fifty six
solutions. Furthermore, If we set A = 0, a0 = β0 then our solutions u7(ξ), u11(ξ) (Family
5) coincide with the solution Eq. (1.2) obtained by Wang et al. (2008) for λ = 0, A1 = 0
and if we set A = 0, a0 = β0 then our solutions u8(ξ), u12(ξ) coincide with the solution
Eq. (1.2) obtained by Wang et al. (2008) for λ = 0, A2 = 0. Again if we set A = 0 then our
solutions H7(ξ), H11(ξ) coincide with the solutions Eq. (1.1) obtained by Wang et al.
Figure 2 Bell shaped soliton of H3(ξ) for a0 = 1, A = 0, μ = − 1 within the interval − 3 ≤ x, t ≤ 3.
Figure 1 Kink profile of u3(ξ) for a0 = 1, A = 0, μ = − 1 within the interval − 3 ≤ x, t ≤ 3.
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Figure 4 Soliton profile of H8(ξ) for a0 = 1, A = 5, μ = − 1, λ = 1 within the interval − 3 ≤ x, t ≤ 3.
Figure 3 Soliton profile of u8(ξ) for a0 = 1, A = 5, μ = − 1, λ = 1 within the interval − 3 ≤ x, t ≤ 3.
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Figure 6 Periodic wave of H31(ξ) for a0 = 1, A = 0, μ = 3 within the interval − 10 ≤ x, t ≤ 10.
Figure 5 Periodic wave of u31(ξ) for a0 = 1, A = 0, μ = 3 within the interval − 10 ≤ x, t ≤ 10.
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Figure 8 Periodic wave of H38(ξ) for a0 = 1, A = 0, μ = 1, λ = − 0.5 within the interval − 3 ≤ x, t ≤ 3.
Figure 7 Periodic wave of u38(ξ) for a0 = 1, A = 0, μ = 1, λ = − 0.5 within the interval − 3 ≤ x, t ≤ 3.
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http://www.springerplus.com/content/3/1/324(2008) for λ = 0, A2 = 0 and if we set A = 0 then our solutions H8(ξ), H12(ξ) coincide
with the solutions Eq. (1.1) obtained by Wang et al. (2008) for λ = 0, A2 = 0. Corres-
pondingly, for similar conditions our solutions of Family 19 and Family 21 are coincide
with the solution Eq. (1.5) and Eq. (1.6) obtained by Wang et al. (2008). Rest of the
solutions are freshly derived using enhanced (G′/G) -expansion method.
Conclusions
Traveling wave solutions to nonlinear evolution equations arising in mathematical
Physics are of theoretical importance. In this paper, the enhanced (G′/G)-expansion
method has been successfully applied for obtaining exact traveling wave solutions of
Variant Boussinesq equations. It has been shown that the enhanced (G′/G)-expansion
method is quiet capable and well suited for finding exact solutions. The consistency
of the method gives this method a wider applicability. With the aid of Maple and by
putting them back into the original equation, we have assured the accuracy of the
obtained solutions. Finally, it is worthwhile to mention that the method is straightforward
and concise and it can be applied to other nonlinear evolution equations in engineering
and the physical sciences.
Competing interests
Authors have declared that no competing Interests exist.
Authors’ contributions
This work was carried out in collaboration between the authors. Both authors have a good contribution to design the
study, and to perform the analysis of this research work. Both authors read and approved the final manuscript.
Author details
1Department of Mathematics, Pabna University of Science and Technology, Pabna 6600, Bangladesh. 2Department of
Applied Mathematics, University of Rajshahi, Rajshahi 6205, Bangladesh.
Received: 10 March 2014 Accepted: 4 June 2014
Published: 27 June 2014
References
Akbar MA, Ali NHM (2011) Exp-function method for Duffing Equation and new solutions of (2 + 1) dimensional
dispersive long wave equations. Prog Appl Math 1(2):30–42
Bekir A (2008) New solitons and periodic wave solutions for some nonlinear physical models by using sine–cosine
method. Phys Scripta 77:045008
Bekir A, Boz A (2008) Exact solutions for nonlinear evolution equations using Exp-function method. Phy Lett A
372:1619–1625
Bekir A, Tascan F, Unsal O (2014) Exact solutions of the Zoomeron and Klein–Gordon–Zakharov equations. J Assoc Arab
Universities Basic Appl Sci http://dx.doi.org/10.1016/j.jaubas.2013.12.002
Ebadi G, Krishnan EV, Johnson S, Biswas A (2013) Cnoidal wave, snoidal wave, and soliton solutions of the D(m, n)
equation. Arab J Math 2:19–31, doi:10.1007/s40065-012-0056-8
Guo S, Zhou Y (2010) The extended (G′/G) -expansion method and its applications to the Whitham–Broer–Kaup–Like
equations and coupled Hirota–Satsuma KdV equations. Appl Math Comput 215:3214–3221
Islam MA, Khan K, Akbar MA, Salam MA (2014) Exact traveling wave solutions of modified KdV–Zakharov–Kuznetsov
equation and viscous Burgers equation. SpringerPlus 3:105, doi:10.1186/2193-1801-3-105
Jafari H, Sooraki A, Talebi Y, Biswas A (2012) The first integral method and traveling wave solutions to
Davey–Stewartson equation. Nonlinear Anal Model Cont 17:182–193
Jawad AJM, Petkovic MD, Biswas A (2010) Modified simple equation method for nonlinear evolution equations. Appl
Math Comput 217:869–877
Khan K, Akbar MA (2013a) Exact solutions of the (2+1)-dimensional cubic Klein-Gordon equation and the (3+1)-dimensional
zakharov-kuznetsov equation using the ModifiedSimple equation method. J Assoc Arab Universities Basic Appl Sci
15:74–81, http://dx.doi.org/10.1016/j.jaubas.2013.05.001
Khan K, Akbar MA (2013b) Traveling wave solutions of some coupled nonlinear evolution equations. ISRN Math Phys
Vol 685736:8, http://dx.doi.org/10.1155/2013/685736
Khan K, Akbar MA (2013c) Application of exp (-Φ(ξ))-expansion method to find the exact solutions of modified
Benjamin-Bona-Mahony equation. World Appl Sci J 24(10):1373–1377, DOI:10.5829/idosi.wasj.2013.24.10.1130
Khan K, Akbar MA (2013d) Traveling wave solutions of nonlinear evolution equations via the enhanced (G’/G)-
expansion method. J Egypt Math Soc http://dx.doi.org/10.1016/j.joems.2013.07.009
Khan K, Akbar MA (2013e) Exact solutions of the nonlinear generalized shallow water wave equation. World Appl Sci J
27(12):1581–1587, DOI: 10.5829/idosi.wasj.2013.27.12.1490
Khan and Akbar SpringerPlus 2014, 3:324 Page 17 of 17
http://www.springerplus.com/content/3/1/324Lee J, Sakthivel R (2011) New exact travelling wave solutions of bidirectional wave equations. Pramana J Phys 76
(6):819–829
Mohyud-Din ST, Noor MA (2009) Homotopy perturbation method for solving partial differential equations, Zeitschrift
für Naturforschung A- A. J Phys Sci 64a:157–170
Mohyud-Din ST, Yildirim A, Sariaydin S (2011) Numerical soliton solution of the Kaup-Kupershmidt equation. Int J
Numerical Methods Heat Fluid Flow Emerald 21(3):272–281
Naher H, Abdullah AF, Akbar MA (2010) The Exp-function method for new exact solutions of the nonlinear partial
differential equations. Int J Phys Sci 6(29):6706–6716
Wang M, Li X, Zhang J (2008) The (G′/G)-expansion method and travelling wave solutions of nonlinear evolution
equations in mathematical physics. Phys Lett A 372:417–423
Wazwaz AM (2004a) The tanh method for travelling wave solutions of nonlinear equations. Appl Math Comput
154:713–723
Wazwaz AM (2004b) A sine–cosine method for handling nonlinear wave equations. Math Comput Model 40:499–508
Wazwaz AM (2005) The tanh-function method: Solitons and periodic solutions for the Dodd-Bullough-Mikhailov and
the Tzitzeica-Dodd-Bullough equations. Chaos, Solitons Fractals 25(1):55–63
Wazwaz AM (2007) The extended tanh method for abundant solitary wave solutions of nonlinear wave equations. Appl
Math Computat 187:1131–1142
Zayed EME (2011) A note on the modified simple equation method applied to Sharma-Tasso-Olver equation. Appl
Math Comput 218:3962–3964
Zayed EME, Gepreel KA (2009) The (G′/G)-expansion method for finding the traveling wave solutions of nonlinear
partial differential equations in mathematical physics. J Math Phys 50:013502–013514doi:10.1186/2193-1801-3-324
Cite this article as: Khan and Akbar: Study of analytical method to seek for exact solutions of variant Boussinesq
equations. SpringerPlus 2014 3:324.Submit your manuscript to a 
journal and beneﬁ t from:
7 Convenient online submission
7 Rigorous peer review
7 Immediate publication on acceptance
7 Open access: articles freely available online
7 High visibility within the ﬁ eld
7 Retaining the copyright to your article
    Submit your next manuscript at 7 springeropen.com
